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Nonautonomous Submersive Second-Order
Differential Equations and Lie Symmetries
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We give necessary and sufficient conditions for a nonautonomous second-order
differential equation to be submersive. An application to nonautonomous
Lagrangian systems is given: the existence of symmetries of the Lagrangian
permits us to prove that the Euler—Lagrange vector field is submersive and
hence that the motion equations may be simplified. Our results extend to the
nonautonomous case the previous ones obtained by Kossowski and Thompson.

1. INTRODUCTION

The purpose of this paper is to characterize submersive nonau-
tonomous second-order differential equations (SODESs) in order to extend
the results of Kossowski and Thompson (1991) to the nonautonomous
situation. [See also Martinez et al. (1993) for the study of separability of
SODEs.] A nonautonomous system of second-order differential equations
is submersive if there exist local coordinates such that the system contains
a subsystem with fewer coordinates. On the other hand, a nonautonomous
system of second-order differential equations may be interpreted as a vector
field &,, on the stable tangent bundle R x TM of some manifold M. Then
the submersive character may be reinterpreted as the existence of a folia-
tion on M in such a way the vector field £,, projects to the local quotients.
Since a foliation is defined by a family of local submersions satisfying some
compatibility conditions, we can introduce the notion of global submersive
nonautonomous SODE:s as a vector field on R x TM for which there exists
a surjective submersion p: M — N and a new nonautonomous SODE £, on
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R x TN such that &,, projects onto £,. We also characterize the global
submersive character of &,,.

Nonautonomous SODEs appear in the geometric formulation of
nonautonomous Lagrangian mechanics. In fact, if L: Rx TM -»R is a
regular Lagrangian, then the corresponding Euler—Lagrange vector field ¢,
is a nonautonomous SODE (Cantrijn et al., 1992; de Le6n and Rodrigues,
1988, 1989, 1990). In this paper we establish the relationship between the
submersive character of £, and the existence of some Lie subalgebras of Lie
symmetries of &,. Since a symmetry of L is also a symmetry of &,, the
existence of symmetries of the Lagrangian permits us to simplify the motion
equations. We remark that this procedure is different from those of Marsden
and Weinstein (1974; Abraham and Marsden, 1978; Marsden, 1992) for the
autonomous situation (symplectic reduction) and Albert (1989; Cantrijn et
al., 1992; de Le6én and Saralegui, n.d.) for the nonautonomous situation
(cosymplectic reduction). A main difference is that by using the actual
procedure, we obtain a projected nonautonomous SODE on R x TN, while
applying the cosymplectic reduction procedure, we have that the reduced
Hamiltonian vector field is not in general a nonautonomous SODE (Mars-
den et al., 1990). Another difference is that we can reconstruct the dynamics
in a direct way since we can lift the solutions of a projected nonautonomous
SODE to the solutions of the submersive nonautonomous SODE by fixing
the initial conditions. These differences are shown in the last section by
exhibiting a particular example.

We notice that our results extend those of Kossowski and Thompson
(1991), which can be recovered from the present ones.

The paper is organized as follows. Section 2 is devoted to a brief
background on tangent and stable tangent geometry, second-order differen-
tial equations and connections, and nonautonomous Lagrangians systems.
In Section 3 submersive nonautonomous SODEs are introduced and a
geometric characterization of the submersiveness is given. In Section 4 we
study the relationship between the existence of some Lie algebras of Lie
symmetries with the submersive character of a nonautonomous SODE.
Furthermore, we prove that the existence of a Lie symmetry of a nonau-
tonomous Lagrangian can be used to simplify the motion equations. In
Section 5 we will illustrate our method by means of an example. We also
apply the cosymplectic reduction to it and analyze the different results.

2. BACKGROUND
2.1. Tangent and Stable Tangent Geometry

Let M be a manifold of dimension m and TM its tangent bundle. Then
TM carries a canonical integrable almost tangent structure J,, (Grifone,
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1974; de Leon and Rodrigues, 1989). If (¢, v’) are induced coordinates in
TM, then we have

0 0 0
lag) =z a0

Another geometrical ingredient of TM is the Liowville vector field C,,, the
infinitesimal generator of dilations on TM, and it is locally expressed by
Cy =v'(0/0v"). The evolution space J'(R, M) is the manifold of jets of
order one (de Leon et al., 1992; de Leon and Rodrigues, 1988, 1989, 1990).
It is clear that J'(R, M) may be canonically identified with R x TM since
TM is the submanifold of J'(R, M) of 1l-jets with fixed source 0cR. We
denote by

Ty: TM->M, Ty RxTM->RxM

the canonical projections defined by

1y (J30) =0(0), Ty (jlo) = (1 a(2)
In local coordinates we have
(g, v')=(g"), Tt q,\v)=(q")
The key geometric structure of the evolution space J'(R, M) is the
almost stable-tangent structure (almost s-tangent structure, for simplicity).

Almost s-tangent structures are the odd-dimensional counterpart of almost
tangent structures according to the following definition (Oubifia, 1983).

Definition 2.1. Let V be a (2m + 1)-dimensional manifold. If there is a
triple (J, t, T'), where J is a tensor field of type (1, 1), tis a 1-form, and T
a vector field on V such that

@) Ty =1

(i) P=T®

(iii) rank J=m +1
then we say that V is endowed with an almost s-tangent structure. In such
a case V is called an almost s-tangent manifold.

We define a tensor field J,, on R x TM by J,, = J,, + (8/0f) ®@dt. In
local coordinates we have

- {0 0 - (@ 0 - [0
) ag)mar el

Thus (J,,, dt, 3/0t) is an almost s-tangent structure on J(R, M) (Oubifia,
1983).
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An almost s-tangent structure (J,t, T) is integrable if it is locally
equivalent to (J, dt, 8/07). One can easily prove that (J, 7, T) is integrable if
and only if its Nijenhuis tensor N vanishes and dr = 0 (Oubiiia, 1983; de
Leo6n et al., 1992). _

From now on we shall assume the integrability of (J,7,T) as a
G-structure, i.e., around each point of V there exists a coordinate system
(¢, ¢',v") such that

{0 0 _{ 0 P [ d P
J(—a—t>=l<5;>, J(-é—é;):gi, J(%;>=O’ T=E’ T =dt

For the sake of simplicity we assume that A =1 (in the case A = —1 we
proceed in a similar way).

Let us recall that there is defined a canonical tensor field on J (R, M)
given by J,, = J,, — C,, ® dt. Hence J,, has rank m and satisfies (J,,)? = 0.

Locally,
~ (8 ~ (0 i, ~ (0
’”(a) T O ’“(_aq') o ’M(av') -°

Proposition 2.1. Let p: M — N be a smooth mapping and denote by
Tp: TM — TN the induced tangent mapping. Then we have

() T(Idg x Tp)Cyy = Cy

(ii) T(Idg x Tp) 8/ot =3 /ot

(iii) T(Idg X Tp)(Jys ¥) = Jy(T(Idg x Tp)Y)
(iv) T(Idg x Tp)(Jp Y) = Jy(T(Idg X Tp)Y)

where Y is tangent vector to R x TM.

Proof. 1t follows by a direct computation in local coordinates. MW

2.2. Lifts of Vector Fields and Distributions

Let X be a vector field on a manifold M. We denote by X the
complete lift of X to TM defined as follows: if @, is the flow generated by
X on M, then T®, is the flow generated by X< on TM. The vertical lift X*
of X to TM is now defined by X" = J,, X€. Thus, if X is locally written as

]

=Xi—.
X P

then we have

. ;0 X' D
C_Yyi__ J_ =
X=X 6qi+v oq’ v’ oo’
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Next, we shall define the different types of lifts of vector fields and
distributions to R x TM. We denote by (z, g, 1, v') the induced coordinates
on T(R x M).

We denote by 1,: R x TM - T(R x M), keR, the canonical injection
defined by

w(jio) =jio’,  o’'(s) =(t +ks, a(s))
Hence in local coordinates we have
ut ¢, vy =0 g%k v)
Let X be a vector field on R x M. We set

X =x" —dx") L
ot

where XV is the vertical lift of X to T(R x M). Then the vertical lift X** of
X to R x TM is the restriction of X” to the submanifold 1.(R x TM), say

XV = (XN x a0)
If X is locally written as
i
X=4-—+ X i 6
ot
then we have
Vi _ Xi -
X ov’
Thus, we deduce that
XVe= X" =XV, Vk, k'eR

We notice that X" is precisely the vertical lift of X to TM conswlered asa
vector field on R x TM.

In a similar way we can define the complete lifts as follows. First we
set

0
¢ . VE _ C
X=X —de(X)

where X€ is the vertical lift of X to T(R x M). Then the complete lift X *
of X to R x TM is the restriction of X°¢ to the submanifold 7,(R x TM),
say :

X =X Ve = T7M)
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Then we have

0 0 ox' 8 ox' @
C, — l,_____ o
X Aa +X0 sy ot 6v+v oq’ év'

If X is a vector field on M, then we have
XC = X, Vk, k'eR

We notice that X is precisely the complete lift of X to TM considered as
a vector field on R x TM.

For a vector field X on Rx M we denote by X its canonical
prolongation to the jet manifold J'(R, M) (Prince, 1983; Saunders, 1989).
If X is locally expressed by

] .0
X = A6t+ aq
then we have
Iij 0 b}
M _ i Y
XO=d=+X 5 T+ X

where

o At g oq "

Then if {dt, X> =0, we obtain X = X1, Moreover, if X is a vector field
on M, then X = Xo,

Let D be a distribution on M. Then D may be lifted to a distribution
D on TM as follows. If {X, ..., X,} is a local basis of D, then {X7,...,
XV, X¢,...,XC} is a local basis of D. Hence D has even dimension, say
2r. A distribution E on TM is called a tangent distribution if it is of the form
E =D for some distribution D on M (Cantrijn et al., 1986). E is called
Jag-regular if, moreover, D is a regular distribution on M. Here regular
means that D is involutive (hence D defines a foliation on M also denoted
by D) and the leaf space M /D determined by the foliation D is a quotient
manifold. Of course, D is involutive (regular) iff E is involutive (regular).

A distribution D on M may be considered as a distribution on R x M.
Then the natural lift D is a distribution on R x TM. In the sequel we shall
consider distributions on R x M (and on R x TM) obtained from distribu-
tions on M (and on TM).

. (6)(‘ o4 ,.)

2.3. Second-Order Differential Equations and Dynamical Connections

We say that a vector field &,, on JY(R x M) is a nonautonomous
second-order differential equation (or a nonautonomous SODE for simplic-
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ity) if and only if J,,&,, =0 and J,&, = C,,. In such a case &,, is locally
given by

=+ s Sl 00)
Obviously, &,, is a nonautonomous SODE if and only if J,, &, =
(0/06) + Cyy.

A curve g: R— M is called a solution of &,, if its canonical prolonga-
tion jlo: R— R x TM is an integral curve of &,,. Thus, if ¢(?) = (¢*(¥)), then
¢ is a solution of &,, if and only if it satisfies the following system of
nonautonomous second-order differential equations:

d2 i . ) i
- tu(n e ) 0
A (nonhomogeneous) connection (Grifone, 1972) on M (i.e., a connec-
tion in the fibration TM — M) is a tensor field I of type (1, 1) on TM such
that J,,T'=J,, and I'J, = —J,,. This notion can be extended to jet
bundles of order one as follows.
A dynamical connection (de Ledn and Rodrigues, 1988, 1989, 1990) on
JYR, M) is a tensor field " of type (1, 1) such that

~

Then the local expressions of T are

0 .0 .0
— = -7 - F’ it
r(@t) YT
0 0 .0
N =4 T —
(o) =5 e
0 d
F(é‘&) =~
The operators /=12 and m =1d — I'® are complementary projection

operators of an almost product structure on J'(R, M). The local expres-
sions of / and m are

0 0 C e 0
e o L (Mo T =
l<6t) v 57 T +ovT)) P
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0 0 .0 . .0
. == i 7 i iy —
m(at) 6t+v aq,.+(r +v r’)avi

o(2)-n()

If we set L = I[(J'(R, M)) and M = m(J'(R, M)), then they are comple-
mentary distributions. We deduce that L (resp. M) is a 2n-dimensional
(resp. one-dimensional) distribution, locally spanned by {d/dq’, d/dv'}
[resp. globally spanned by (Id — (I')2) (8/81)]. The vector field & = m(d/00)
is locally expressed by

0 . 0 N
_ i_~_ i Ty —
ér ot +v aq,+(1" +v I"j)avi

i.e., it is a nonautonomous SODE, called a caronical nonautonomous SODE
associated to T'. We now set h =(1/2)(Id + ')}, v = (1/2) (1d — I")/; then A
and v are complementary projectors in L. Thus, H=A(L), V=u(L) are
complementary distributions in L, i.e., L=H@® V. Moreover, the distribu-
tion V is locally spanned by {9/dv'} and then it is precisely the vertical
distribution of the fibration 7,,: R x TM — R x M. Hence I'" defines in fact
a connection in f,,: R x TM - R x M whose horizontal distribution is
HoM.

Let I" be a dynamical connection. Then a tangent vector ¥ on R x TM
which belongs to H (resp. H' = H@® M) will be called a strong (resp. weak)
horizontal tangent vector. If Y is a vector field on R x TM, then Y will be
called a strong (resp. weak) horizontal vector field if Y, eH, (resp. Y, eH})
for any zeR x TM. If X is a vector field on R x M, then there exists a
unique vector field X* on R x TM which is weak horizontal and projects
onto X. We call X*' the weak horizontal lift of X and its H component,
denoted by X“, is called the strong horizontal lift of X to R x TM. A direct
computation in local coordinates shows that

o\ ¢ 1\ 0 oNY o 1.9
—_ =— J4 — TV ) —— [ = — T —
(6t) ot + (F + 2’ F,) ov’’ (6q‘> 6qi+ 2 I ov’

Hence, if X is a vector field on M and X = X%(8/dq"), then we obtain

PVE I gy )
rT=x 6qi+2Xriavf
It is clear that TX# = X#', since Th = h.

A curve o: R— M is a geodesic of a dynamical connection I' if the jet
prolongation jl¢ of ¢ is a weak horizontal curve on R x TM. Then o is a
geodesic of I' if and only if it satisfies the following system of second-order
differential equations:
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d’q’ dq dq\ dq’
€9 _fs |
dr? ( d)+ (’q’dt) dt 2)
From (1) and (2) we deduce that the geodesics of a dynamical
connection I' are precisely the solutions of its associated nonautonomous
SODE.
In de Leon and Rodrigues (1988, 1989, 1990) it is shown that if
¢u is a given nonautonomous SODE on J (R, M), then T';, defined by

Ty, = —%¢,Ju is a dynamical connection on J'(R, M) whose associated
nonautonomous SODE is precisely &,,. If

bl 0
¢ = at+v £+€M(t q,v)

AW ,-i_ ;08 0
ré"(E)— oq’ (v ov’ éM)&v"
EAEIR
“\og']  oq' " Bv' ovl

i 9
TcM(a—vi) = %

Let &,/ be a nonautonomous SODE on Rx TM and I, = —,Z’foM
the associated connection. Since the nonautonomous SODE associated to
[, is just £, then we deduce that the solutions of £,, are precisely the
geodesics of I’y

From a direct computation in local coordinates we obtain the follow-
ing result.

then we have

Proposition 2.2. We have

L T, (X")=—-X"
2. T (X%) = = (&, X"

3. X”'=XCO——§([§M, X"]+ X%
for any vector field X on M.

2.4. Nonautonomous Lagrangian Systems

Let L:Rx TM =J'(R, M) >R be a nonautonomous Lagrangian.
The energy function associated to L is defined by E, = Cy, L — L. The
Poincaré—Cartan I-form associated to L is defined by

dL =dJML —EL dt
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and then the Poincaré—Cartan 2-form associated to L is
QL = “‘"“dCCL = _dd‘,ML + dEL A dt
In local coordinates we obtain

;0L
=pl-Z L
E; = val

aLx'g—f;dqi—ELdl

PL L oL ,.
2= "’(auiaz Y g aqf) i dq
L 3L 9°L L
J J T J
+v 6vfav’d Adt — 300 T 549° A dg 50 Sdv’ A dg

If L is regular, i.e., the Hessian matrix (02L/0v'dv/) is nonsingular,
then (Q,, df) is a cosymplectic structure on JY(R, O) (de Ledén and Rod-
rigues, 1988, 1989, 1990; Cantrijn et al., 1992). Consequently, there exists a
unique vector field £, on JY(R, M) (the Euler—Lagrange vector field) such
that

i, Q, =0, i di=1 3)

£, is a.nonautonomous SODE and its solutions are just the solutions of the
Euler—Lagrange equations

d (0L\ 4L . dq’
—_— . l= . 1 S g S
dt (61)) Pyt L PEm

Let L: JY(R, M) >R be a regular Lagrangian. Let £, be the Euler—
Lagrange vector field. Then there exists a dynamical connection T on

JY(R, M) whose geodesics are solutions _of the above motion equations.
This connection is given by I'y = — %, J,,.

3. SUBMERSIVE NONAUTONOMOUS SECOND-ORDER
DIFFERENTIAL EQUATIONS

We shall study the following problem. Suppose that &,, is a nonau-
tonomous SODE on R x TM. We search for the existence of a local
coordinate system (x%, y%), | <« <n, 1 <a <m —n, around each point of
M such that the following system of second-order differential equations

d’q’ ; aq’ .
dtz-—e:M( ;t) 1<i<m @
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may be written as

dt

d*y° dx? dy®
a B 6 22 2
dtz éM(ty X 9y b dt H dt

In such a case we say that &,, is locally submersive. Notice that the
existence of such coordinates is equivalent to the existence of a foliation on
M, or, in other words, to the existence of a family of local submersions
p.4°(x% ¥ — (x%) defining this foliation. &,, is called globally submersive
(or simply submersive) if there exists a global surjective submersion
p: M — N of M onto a manifold N such that

T(Idg x Tp)pr =En

where ¢, is a nonautonomous SODE on R x TN.
The purpose of this section is to obtain geometric conditions for £, to
be submersive. First we have the following result.

d?x* dx?
£ (o)

Proposition 3.1. If p: M — N is a surjective submersion and &,, is a
nonautonomous SODE on R x TM which is (Idg x Tp)-related to some
vector field £y on R x TN, then &, is a nonautonomous SODE.

Proof. The result follows directly from the definition of nonau-
tonomous SODE and Proposition 2.1. W

Now suppose that &,, is a submersive nonautonomous SODE on
R x TM. Then there exists a surjective submersion p: M — N and a nonau-
tonomous SODE on R x TN such that &,, and &, are (Idg x Tp)-related,
i.e., we have T(Idg x Tp)&,, = Ey. We obtain the following commutative
diagram:

Rx TM 22 TM - M

ldeTpl Tpl pl

Rx TN 22, TN -2, N

where pro: R x TM —» TM and pr,: R x TN — TN are the canonical projec-
tions onto the second factor. Suppose that dim M =m and dim N =n.
Then the involutive distribution D = Ker Tp has dimension m — n and its
canonical lift E =D is precisely E = Ker T(Tp). It is clear that E is a
Jys-regular distribution on TM. We denote by the same letter E the
induced distribution on R x TM. Of course, E has dimension 2(m — n).

Now, let T;, = -2, MfM be the dynamical connection on R x TM
determined by £,,. From Proposition 2.2 we have
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F{MXV = "‘XV
FEMXC():: "'[éM’ XV]

for any vector field XeD. Since E is locally generated by the vertical and
Cy-lifts of vector fields belonging to D and since &,, is submersive, we
deduce that E is T, -invariant.

Next, since

(L T, ) (@) =60, T, Z] = Ty, [Cu, Z]

we obtain by the submersiveness of {,, and the I, _-invariance of E that E
is also &, T, -invariant.

The main result of this section shows that these properties are a
geometric characterization of submersive nonautonomous SODEs.

Theorem 3.1. A nonautonomous SODE &,, on R x TM is submersive
to a nonautonomous SODE &, on R x TN if and only if there exists a
distribution E on R x TM which is JM-regular and T, - and &, T, -
invariant.

Proof. We only need to prove the sufficiency. In fact, from the results
of Crampin and Thompson (1985) and Thompson and Schwardmann
(1991) (also see de Ledn and Rodrigues, 1989) it follows that there exists
a commutative diagram as above. We need to show that &,, is (Idg x Tp)-
projectable. In such a case its projection will be a nonautonomous SODE
because of Proposition 2.2. But &,, is (Idg x Tp)-projectable if and only if

() [Cu, X ]eE
(i) [$p, X)€E

for any vector field XeD, where E = D and D = Ker Tp, E = Ker T(Tp).
(i) Since [£,, XV =T, WX ©0), we deduce (i) from the r,, invari-
ance of E.
(i) A direct computation in local coordinates shows that [£,,, XV +
X% is vertical. Then we only need to prove

(i)’ [ar, X7 €E

for any vector field XeD. Furthermore, from (i) and Proposition 2.2 we
deduce that X' E for any XeD. Since T, (X*') = X¥', we have

(ZLep Tea) XY =[E4s, XH] =T [Ear, X7']
But l([éM, XA =[5, X*'] and hence

3 (S’gM L) (X7 = 3 (Id =T, ) e X7 =0((&pr, X))

where v = j(Id — T, )I. Consequently, we obtain that v([¢,, X¥ ) €E.
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On the other hand, we have
XH =Ty (XT) = — (L, i) XY = —[Ea, X714 Ty Ere X7
which implies
Tarlns XH1 = X7 4 [E0r, XV]
and thus J,, [£,, X¥']eE. But since [¢,,, X#]eL, we have
ar> XH] = hEa, X7 4+ 0[Ey, XT]

Then we only need to prove that A[¢,,, X*']€E. To do this, we take a
local basis {X,, Y, } of vector fields on M such that

D=<Y,)

E=(Y;, Y
Thus, we have

Cr, XN =AY + p, Y0 + A, X7 + B, X0
Since
Julbo, X¥ 1=, Y + B,X! cE
we deduce that B, =0. Hence
WEp, X7 =p, Y €E
This ends the proof. W

Corollary 3.1. Let E,, ..., E, be r regular tangent distributions on
TM such that E, n(+,.,E,) =0. Then the Whitney sums E, & -®E,,
are well defined, where u,,...,u,e{l,...,r}, and s <r. Suppose that the
Whitney sums £, = @, ., E, are also regular. If TTM splits as a Whitney
sum TTM =E, ®---®E,, then M is a product manifold, say M=
Nyx---xN, and &=y, + +&yrxtv,x---7v,, Where &y is a
non-autonomous SODEon Rx TN, 1 Su<r.

Proof. We remark that if E, = D,, then the distributions D,, ..., D,on
M verify the same properties as the distributions E,, . . ., E, on TM and we
have E, = D,, where D, = @, .., D, Since D,, is also regular we obtain sub-
mersions p, : M — N, for each u, where N, = M/D,, and non-autonomous
SODE’s &y, which are (Idg x T,)-projections of {,,. We define the mapping
p:M-N; x---xN, by p(x)=(p(x),...,0,(x)), xeM. Hence p is a
diffeomorphism and T(Idg X T,)(¢y) =En, + + i dmx v, x--- TNi.

If &, satisfies the hypotheses of Corollary 3.1, we say that £,, is
decomposable. If, in particular, TTM splits as a direct sum of rank 2
subbundles, then £, is called separable. In such a case there exist local
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coordinates around each point of M such that (4) may be written as
follows:

d2ql dql

el <t S ar

2 m m
q dq
= z,
ar = ( " )
The autonomous case was extensively studied by Martinez et al.
(1993).

Remark 3.1. We notice that if in Theorem 3.1 the assumption of
regularity is removed, then the nonautonomous SODE ¢&,, is only locally
submersive.

Remark 3.2. Suppose that &,, is a SODE on TM. Then &, =
0/0t + &,, is a nonautonomous SODE on R x TM. We denote by
Ff _ngJM’ fEM = _ggMjM

the connection on TM and the dynamical connection on R x TM deter-
mined by &,, and ¢&,,, respectively. A direct computation in local coordi-
nates shows that

U

v =

Tr, =T, —(Lc, b)) @dt (5

Now, let E be a distribution on TM. Then from (5) we deduce that E is
I;, - and Z,, -invariant if and only if E is 1"5 - and Yy, 1"5 -invariant.
Hence we deduce that the main result of Kossowski and Thompson (1991)
(Theorem 1.5) may be reobtained from Theorem 3.1.

To end this section we exhibit how we can obtain the solutions of the
nonautonomous SODE ¢&,, from the solutions of the projected nonau-
tonomous SODE £&,. It is clear that the solutions of ¢,, project onto the
solutions of &,. Conversely, if 65: R— N is a solution of &, then we can
lift o to a solution of &,,, but this lift is not unique. However, if we fix
initial data on R x TM, then there exists a unique lift. Also, if f* R x
TN - R is a first integral of &y, say &pf =0, then its lift fo (Idg x Tp) is
a first integral of &,,.

4. LIE SYMMETRIES AND NONAUTONOMOUS SECOND-ORDER
DIFFERENTIAL EQUATIONS

Let &,, be a nonautonomous SODE on R x TM. A vector field X on
R x TM such that

[XD, 3] = —Ea(Kdt, XD)E s
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will be called a Lie symmetry of &,, (Prince, 1983, 1985; de Ledn and
Marrero, 1993). We restrict ourselves to those Lie symmetries X which are
vector fields on M. Such a Lie symmetry will be called an autonomous Lie
symmetry of £,,. In such a case the above condition becomes

XD, &yl =X, &y ] =

Since [X e, Y] = [X, Y] for any vector fields X, ¥ on M, we deduce
that the set of autonomous Lie symmetries of &,, is a Lie subalgebra of the
Lie algebra Z(R x M) of vector fields on R x M.

Let 4 be a Lie subalgebra of autonomous Lie symmetries of £,,. We
know (Cantrijn et al, 1986; Kossowski and Thompson, 1991) that &
determines an involutive distribution 4 on TM (and hence on R x TM) as
follows:

g ={X",X%Xe¥)}

We shall prove that the existence of some Lie subalgebras of au-
tonomous Lie symmetries of &,, implies the submersive character of &,,.

In the sequel the horizontal lifts are considered with respect to the
dynamical connection I';, = —-QEMJM defined by £,,.

Theorem 4.1. If for each Xe% the vector field X e, then Enr i
locally submersive. Furthermore, if g is regular, then £,, is submersive.

Proof. In fact, we apply Theorem 3.1 to the involutive tangent dis-
tribution E =4. It only remains to prove that ¢ is Te,-and &, T, -
invariant. To prove this, let us remark that {X”, X*'} spans 4. Then, from
[, (X7) = —X", T, (X7) = X" we deduce that g is T, -invariant.

Now, since

[Ea, XV ] =2X" — X0
we deduce that [¢,,, X¥ €9 for any Xe%. Then
(L6, Te,) (XY ) = —(1d +T;, ) [Ey, X¥ 1%
Also, since Xe% is an autonomous Lie symmetry, then we have
(Lo Te, ) (X)) =Ly, X =T [E0, X¥] = (Id = T, ) [E4r, X7]
But

1
" X~ (s XV + X
implies

(L6, Te,) ") = =3 (= T, ) Eurln X1 4 X9
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because of [£,, X<] = 0. Since [E4, X7]+ Xe¥ and it is vertical we
deduce that

(Ze, Te,)(XT)ed

Consequently, &,, is locally submersive. Finally, if, moreover, ¥ is J,,-reg-
ular, then the result follows from Theorem 3.1. W

Proposition 4.1. Suppose that ¥ is an Abelian Lie algebra of au-
tonomous Lie symmetries of dimension m — n such that X# = X for any
Xe%. Then &, is locally submersive and there exists a local coordinate
system (x% y%), 1 <a<n, 1 <a<m—n, around each point of M such
that (4) may be written as follows:

a’x* , ax®
dt2 - §M<t5x aE")
dzya ; b dx?
dtz = éM(tyx ,_—(}t_)

Proof. Since X# = X%, for any Xe%, then X¥'e4. Thus, from
Theorem 4.1 we deduce that £, is locally submersive. On the other hand,
since ¥ is Abelian, we can choose local coordinates (x°, y9) around each

point of M such that
0 0
G={—=,..., 57—
<ayl aym—n>

Now, from
o\ 8\ 0
(W‘) _(W‘) oy
we obtain
0Lhy 0&%,
= = < < — <ph =<
5% = Bpa 0, 1<a,b<m-—n, 1€8<n
Also,
0 \%o 0
o_[(ay,,) ,aM]-[ay,,,fu}
implies
8 b
B % o g
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Hence we have

o -3 dxb a a b dxb
EM—£M<t x?, dt) éM""'fM(t,x ,?)

which implies the required result. M

Let L: Rx TM —R be a regular Lagrangian with Euler—Lagrange
vector field £,. We say that a vector field X on R x M is a symmetry of L
if XL =0. We only consider symmetries of L which are vector fields on
M, which will be called autonomous symmetries of L. Thus, a vector field X
on M is an autonomous symmetry of L if and only if XL = XL =0,
This terminology is justified by the following fact. Let ®, be the flow on M
generated by X. Then Idg x T®, is the flow generated by X . Hence, if X
is an autonomous symmetry of L then we deduce that Q, and dt are
Idgp x T®,-invariant. Consequently &; is Idg x T®,-invariant, too, so that
[X€,&,1=0, ie., X is an autonomous Lie symmetry of £, .

Moreover, we have the following result.

Theorem 4.2. Let X be an autonomous symmetry of L and set
4 =<{X>. Then (i) XYL is a first integral of L, and (ii) ¢, is locally
submersive if and only if

X =X%+ XY
where : Rx TM - R.
Proof. (i) Since i;,Q; =0, iy, dt =1, we deduce
0= (i, Q) (X) = —dd,;, L({y, X) + (dEL A d) (£, X)
= — &L (XVL) + XUCpL) + Upe[r, XODL — XCE,
=—¢,(XVL) + XL

since JM[éL, X% =0 and E,=Cy,L—L. Then X%L =0 implies
§L(XVL) = -

(ii) We set % = (X). Suppose that X' = X% + AX" for some func-
tion A: R x TM »R. Then X# e%. Hence, from Theorem 4.1 it follows
that &,, is locally submersive.

Conversely, suppose that &, is locally submersive. We know that

X = X6~ 5 (8, XV 1+ X)

and Z = —1([&,, XV'] + X©0) is vertical. Then, if 4 is T, -invariant we have
T X%= —[&, X¥] + Ty [Er, X = = (&, X
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which implies [¢,, X¥ ]e%. Then X*'e4 and consequently Ze%. Thus, we
have Z = AXV for some function : Rx TM -R. WA

5. AN EXAMPLE
Let L: R x TR® >R be a regular Lagrangian given by
i
Lt x, 5,2, %, 3, 2) = %) +y +5 €2 = &f())

where (¢, x, y, z, X, y, Z) stands for the induced coordinates on R x TR? and
f: R—>R. Then we have

o, =pdx+(t+1)dy +e’2dz — ()’cy +%ezz'2 + e"f(t)) dt
Q,=dxandy+dy ndx+edzndi+xdy ndt+ydx adt
+ze*dz A dt +%e’z’2 dz Adt +ef(Ddx Adt
and the Euler—Lagrange vector field &, is given by

o .0 .0 .0 1 , 0
Go=gtigtig tig e f(t) —5 =

R

Then the Euler—Lagrange equations are

dx ..

E—x, =0

dy . . .

5= V=-e (@) (6)
%—z = e

a2 =727

We know that 8/dy is an autonomous symmetry of L and a direct

computation shows that
6 Co a H
(5)-()

Hence, from Theorem 4.2 we deduce that £, is globally submersive
with A =0. Furthermore, the global submersion is given by

pR-R:, p(x,y,2) =(x,2)



Nonautonomous Second-Order Differential Equations 1777

and then the projected nonautonomous SODE on R+ TR? x> R% is
0 7 6 1,0

ER +xa+z-———-§z 5;
Thus equations {6) become
dx .
g—-x, =90 (7)
%—72 2= —1-22
dr 7 )

We remark that (6) are time-dependent, while (7) do not depend on the
time. In fact, &, — 8/0t is a SODE on TR?.

Now, let us recall the cosymplectic reduction procedure introduced by
Albert (1989) (see also Cantrijn et al., 1992; de Ledn and Saralegui, n.d.).

Suppose that there exists a left action ®: G x M — M of a Lie group G
on a cosymplectic manifold (M, Q, n). We always assume that both G and
M are connected. The Lie algebra of G will be denoted by # and its dual
by 4*. For each geG we put @, = ®(g, - ), the induced transformation on
M. The fundamental vector field associated with 4% is the vector field
A, on M defined by

Ay(x) = i (D(cxp t4, X)|i=o

An action @ of a Lie group G on a cosymplectic manifold (M, Q, ) is
called cosymplectic if for each geG the corresponding ®, is an automor-
phism of the cosymplectic structure, ic., DFQ=Q, Oy =

A momentum map is a function J: M — #%* such that if we define

J4(x) =<4, J(x)>

for all A€¥, then R(J,) =0 and the Hamiltonian vector field X, is just
A The momentum map J is said to be Ad*-equivariant if

JD(I)g=Ad;_1°J

for each ge@, where Ad* is the co-adjoint representation of G on ¥*.
For given ue%* we denote by G, the isotropy group of u. By the
Ad*-equivariance of J it follows that J~!(u) in an invariant subset for the
restriction of @ to G,. Moreover, if u is a regular value of J, then J~'(u)
is a submanifold of M and @ induces a smooth action of G, on J~'(p).
Following Libermann and Marle (1987), we will say that this action is -
simple if the orbit space J~'(u)/G, admits a manifold structure such that
the canonical projection m,: J~'(u) - J~'(u)/G, is a surjective submersion.
This will be, for instance, the case if the action is free and proper. In the
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sequel it will aiways be assumed that G, is connected and such that the
fibers of =, are also connected.

‘Albert (1989; see also Cantrijn et al., 1992; de Le6n and Saralegui,
n.d.) has established the following cosymplectic reduction theorem.

Theorem 5.1. There exists a unique cosymplectic structure (Q,, 77,) on
the quotient space M, =J~'(u)/G, such that

JxQ=mn} and Jxn=mnpn,
with j,: J~'() > M the inclusion map and =,: J~'(u) - M, the canonical
projection. Further, the restriction of the Reeb vector field R to J~'(x)

projects onto M, and its projection R, is just the Reeb vector field for the
reduced cosymplectic structure (2, 77,,).

Now suppose that H is a Hamiltonian function on M such that it is
G-invariant, i.e., H - ®, = H, for any geG. Then H oj, projects onto a
function H, defined on M,. Denote by X, the evolution vector field
determined by H. Then X, is tangent to J ~'(u) and it projects onto M, to
a vector field (X,), which is precisely the evolution vector field Xy,
determined by H, on the reduced cosymplectic manifold M,. Hence the
dynamics on M is projected onto the dynamics on M,. Notice that

dim M, =dim M —dim G —dim G,

and thus we have reduced the number of motion equations. The problem
now is to reconstruct the dynamics. This may be in general a difficult
problem.

We next apply this reduction procedure to the Lagrangian L. The Lie
group is G = R and the action

& Rx(RxTR)->RxTR?
is given by
O, (4L, X, 0,2, %50, 2) =%,y +5,2, X9, )

In other words, @,: R x TR?® - R x TR? is just ®, = Idg x T¢,, where
¢,: R® - R3 is the flow generated by 8/dy. A direct computation shows that
the action is cosymplectic for the cosymplectic structure (Q,, df). In fact,
this result follows from the invariance of L under the action. Also, E; is
R-invariant.

A momentum map for the action is given by

<J(t’ x’ y’ z, .X.?, .)')5 2)9 A> = <aL(ta X, y’ z, 56, .)‘)s Z), AlR x TIR3>
AeR. Thus we obtain
Jit,x,y,2,x,9,2)=x+1
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Since 0eR is a regular value, we have a reduced cosymplectic structure
(Q,,d5) on J~'(0)/G =R x R*. Further, &, is tangent to J~'(0) and
R-invariant and thus it projects onto a vector field £, given by

P8 0 0, 1 L0
Co=5—g tig —e f(t) - az

The integral curves of &, satisfy the followmg system of differential
equations:

®

di 1
- iT 3 Z
In both cases the reduced manifold is just R®, but the reduced vector
field is different, say &g, # f .. Further, é . is not a nonautonomous SODE.
Only the fourth equation is of order 2. This example gives an illustration of
the differences between both procedures of reduction.
The above example fits in a more general situation which we shall
briefly describe.
Let L: Rx TM —» R be a nonautonomous regular Lagrangian and
suppose that G is a Lie group acting on M in such a way that L is
G-invariant, say

Lo(Idg x T®,) =L

where @,: M — M is the transformation of M defined by geG. The Lie
algebra of G will be denoted by ¢ and its dual by ¥*. Then the
fundamental vector field associated with 4 €% is an autonomous symmetry
of L. Thus, we have a Lie subalgebra of autonomous Lie symmetries of &,
and we can apply the results obtained in Section 4 in order to decide if &,
is submersive or not. In the affimative case, we can reduce the dynamics to
obtain the solutions of the projected nonautonomous SODE ¢, with
respect to a submersion p: M — N.

Alternatively, since L is G-invariant, then the action of G on the
cosymplectic manifold R x TM with cosymplectic structure (Q,, dr) is
cosymplectic and then we can apply the cosymplectic reduction procedure.
To do this, we define a map J: R x TM —» %* by

<J(t9 qia vi)a A> = <th(t, ‘Ii, vi)a AlR x TM>
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Ae%. Thus we obtain
o . 0L
J(ta qla Ut) = JZ(Q) 50’ e?

where {e% 1<a<dim G} is a basis of ¥*. If dJ/ot=0, then J is a
momentum map and we can apply Theorem 5.1. Now, the Hamiltonian
function is just the energy E,, which is in fact G-invariant. As the above
example shows, if the Euler—Lagrange vector field &, is submersive, we
obtain finer information.

6. OUTLOOK

A natural question is to extend the results of this paper to a more
general situation. In fact, we can consider a fibration n,,: M — S, where S
is a one-dimensional manifold. Then we define a SODE as a section
&: J'ny, = J?my, of the fibration (r,,)3: J*n,, - Jin,,, where J'n,, denotes
the manifold of r-jets of sections of n,, (Saunders, 1989; Vondra, 1990).
The problem may be set as follows: when are there two submersions
p: M - N and ny: N — § such that ny, o p = =y, and Tp3(&) is a SODE on
J'ny? In this paper we have considered the case of trivial fibrations
M=8x M’ where S =R.

We shall study in a forthcoming paper the characterization of submer-
sive autonomous differential equations of higher order.
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